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Abstract

A Internet web service is presented that solileposedproblems. The service is capable of solving complex
linear and nonlinear problems in 1,2 or 3 dimensions. In otdend a solution, the service uses a variation of the
well known regularized least squares method implementexd dymamical system based in Tank & Hop eld [20].
The initial condition of the dynamics is represented by a efedarbitrary or “recycled” con guration states. After
the dynamics has taken place, the nal con guration statgsrésents the solution of the optimization problem.
Solutions through time are regularized dynamically in tkelhdng model by means odfocal averagingtogether
with a weighting parameterDetailed instructions for the correct use of the web servand two examples from
the geophysical sciences both in 1-D (nonlinear) and 2-ieéi) are presented as well.

. INTRODUCTION:
The Versamedium Web Services solves linear algebraic agsseich as the one shown below:
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If we rewrite the system in vector form, we have:
d=A x; (2)

basically, a remote user can solve a problem by sending thexnm®& and data vectod through the
Internet to our servers. After some iterations, the usegives a vector solutior

But the kind of problems that can be solved by the web servisesonstrained. Namely, to
those in which there are more unknowns in column veetothan data points in column vectar.
Therefore matrixA has more columns than rowse, N > M).

Note that, due to the fact that we have more unknowns than idath = A x, the web services
can not directly comput& ! (inverse ofA&) and this way have our system solved fo@s in:



Al d=x% (3)

Therefore some considerations must be taken into accoust@i a rather “unusual” system to deliver
a solution. Our web services uses a variation of what is knasregularized least-squaresethod, to
nd an approximate solution out of the endless number of fssolutions.

A more detailed explanation of the computational procesdoisnd in section Il (Understanding
better the le structure). But basically the servers reeea/set of 16 parameters, the matrix elements
of A, the data pointsd and initial conditionxy. Then the web service goes through a series of
computing iterations based in the 16 parameter values, the web service returrigalpsolutions
(lzeite,ation iteration = 1;2;3;::) at each iteration. Some of these solutions will genefatsponses”

0 ieraon Who has best tting errors with respect to the original ddta

N
In the process, a model solution is obtained with the best responge i.e. that best resembles
the original dated.

Observe that for the above considerations that describesatyebraic problem it is not possible
to send a randomly generated matrix system to the web seawideexpect a solution. This is why some
essentialconsiderations must be taken into account.

A. Some de nitions:

Consider the following example in which we “brute forcg\” alldmn. Namely that in which we

generate random modejs then calculate the forwartesponsed and obtain its mis trms error with
respect to the original da@

rms error (percent%)= —— 10Q0; (4)

we then proceed by storing the modelsvith the small rms error.

N
Eventually (with some patience), we will end up with a “goailution in terms of havingi d 0.
Despite that the above brute force solution might not hawe @mysical meaning, it shares common
ground with our “desired” solutions, namely that of havirge tsum of all differences approach zero,
either from below zero or from above it. This is, we wahné residualsapproach zero as in:

¥ d &) o (5)

i=1

In order to account for both negative or positive sum of ddfeces, we might re-state our problem as
that of having the followingarget functionC approach zero.



g CNE (6)

that will be ourleast-squaregoal. Re-writing the above equation in vectorial notatiom kave:

c:=%a1 A %) (@ A x); (7)

B. Least Squares:

From Calculus concepts ofmaxima and minimaWe can take the derivative the above function with
respect the modet and by equating to zero, then we have aunimal value of C for values ofx (see
Appendix A : Least Squares).

x=(AT A)' AT @ (8)

in which we note that the existence of the solutienfor M > N depends upon the existence of
(AT &) L

C. Regularized Least Squares:

Strictly speaking (from the algebraic point of view), thesedor whichN > M, for the linear system
in equation (1), might not have a unique solution becafide A being singular, therefore laking a
computational inverse.

One way for solving these kind afl-posed problems, in which no unique solution exists, because in
effect, there is not enough information speci ed in the peob, was developed by A. Tikhonov [21].
The mathematical technique that Tikhonov developed fa, lsiknown agegularization It incorporates
extra information (or assumptions, possibly from the pbgisiworld) that makes the algebraic system
“less singular”.

So, by incorporating such “extra information” from phydicaatter properties in equation (1). We
could expect to obtain meaningful solutions for the algeboblem (see Appendix B: A physics
example). This way, we might have amversealgebraic solution which at the same time is, physically
meaningful.

It is @ common practice to introduce regularization as aaetdrm in the target function in equation (6)
known as the Tikhonov matrix. Considering the new term we have:
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wherejj jj stands for the Euclidean norm.

Rewriting (9) in vectorial notation:

1. o
C=gjid A xj*+j~ xj* (10)

taking the derivative of the above function with respect todel x and equating the result to
zero, we can achieve the solution (see Appendix C: Regeldidizast Squares).

x=(AT A+~ 7 ) T @ (11)

In many cases the matrix, is chosen as the identity matrix= T, giving preference to solutions with
smaller norms.

x=(AT A+ T AT @ (12)

In other cases, high-pass operators (e.g., a differencextopeor a weighted Fourier operator) may be
used to enforce smoothness if the underlyigector which is believed to be mostly continuous. This
regularization improves theonditioningof the problem, thus enabling a numerical solution.

In equation (12) we note that for> 0 the solution will exist provided thatAT A+ T) is
non-singular. The effect of regularization may be varieg tie scale of matrixT. Therefore the inverse
solution to the problem might exist for a suitable regulagzvalue of . For =0 this reduces to the
unregularized least squares solution provided ¢(#at A) ! exist.

D. The Web Service File Structure:

When data is transmitted to our servers via the client progrit does so by sending the le with
a properly ordered data structure. Our servers will onlyensthnd les with this structure. Failing
to provide the correct structure will end the service by iclgsthe communication channel. The le
structure is composed of:

- 16 Header parameters.

- Matrix A stored in row vector order.
- Datad vector.

- Initial model xy vector.

seehttp://www.versamedium.com/geoinverse/start.html



We describe briey the le structure values here. For a dethi explanation see (Section II.
Understanding better the le structure).

NOMROWS : The matrix (integer) number of rows.
NUMCOLS : The matrix (integer) number of columns.

MODELMIN : Lower bound (oating point) number that describes whereusohs are to be
found. There will be no solution below this limit.

MODELMAX : Upper bound (oating point) number that describes whereutsmhs are to be
found. There will be no solution above this limit.

SCHEME : Value (integer) that speci es the dimensionality of the lem.

DISCX : Value (integer) that describes discretization in X (Sectid. Understanding better the
le structure).

DISCY : Value (integer) that describes discretization in Y (Sectid. Understanding better the
le structure).

DISCZ : Value (integer) that describes discretization in Z (Sectib. Understanding better the
le structure).

FILTX : Value (integer) that set's the local extension in X, of thgularizing window lter.
FILTY : Value (integer) that set's the local extension in Y, of thgularizing window lter.
FILTZ : Value (integer) that set's the local extension in Z, of thgularizing window lter.

BETA : Regularization ( oating point) parameter that is used tmgerate the effect of the regularization
window lIter (de ned above). This value can take values beam 0.0 (without regularization) and 1.0
(full regularization).

AMPLITUDE : number of bits for amplitude (integer), used by our comporteatl algorithm
when the model values xare transformed into a space composed of binary values inelwedynamical
system's domain. ThRAMPLITUDE  number speci es the binary amplitu@AMPLITUDE g “extent”
of possible values. Computational time scales directhhlis value.

PRECISION : number of bits for precision (integer), used by our compaote algorithm when
the model values irx are transformed into a space composed of binary values imeke dynamical
system's domain. ThePRECISION number species the binary resolutio@ PRECISION — gr
“granularity” of the possible values. Computational tincales directly with this value.

ITERATIONS : Value (integer) that speci es the recursive number of Imgalving minimization steps
to be performed.

CODE : Reserved parameter (integer).



Following the 16 header parameters are the marithe datad and the initial conditionxg, which
values are composed of single precision oating pbimimbers stored in a single column.

The elements of matriXX are stored in row order. This is, starting with the rst eletheof the
rst row, the whole rst row of matrix A is stored in the le. Then after the last value, we start stgri
the rst element of the second row, and so on.

This way for a matrix with 28 rows and 100 columns. The le wile composed of the 16
header parameters followed by 2928 oating point values Tthmediate 2800 oating points (following
the 16 header parameters) correspond to the matristored in row order. Then there will be 28 data
points ford, followed by 100 initial modelxy values. Therefore our example le structure will have
2944 rows.

[I. UNDERSTANDING BETTER THE16 HEADER PARAMETERS IN THE FILE STRUCTURE

The 16 header parameters in the le structure, do instruetveb services how to solve the problem.
By notifying the matrix dimensions, the regularizing scleeto be performed on modeh, how it was
discretized. These parameters are described into moré iethe following sub-sections:

A. TheNOMROWS, NUMCOLS, MODELMIN and MODELMAX header parameters.

The rst four parameters in the le inform the web service Wwithe matrix dimensions and valid
domain for the solutions:

NOMROWS : The matrix (integer) number of rows, It is also the numbedafa points.

NUMCOLS : The matrix (integer) number of columns. It is also the numifemodelx unknowns.
MODELMIN . Lower bound (oating point) number that describes wherdusons are to be
found. There will be no solution below this limit. As mentexh before there is an “analog” to digital
transformation of the modet values and this parameter could be used to narrow the spas@utions
in which the attention of the dynamical system gets focused.

MODELMAX : Upper bound (oating point) number that describes wheréutsans are to be
found. There will be no solution above this limit. As mengohbefore there is an “analog” to digital
transformation of the modet values and this parameter could be used to narrow the spas@utions
in which the attention of the dynamical system gets focused.

B. TheSCHEME, DISCX, DISCY and DISCZ header parameters.

Equation (1) despite its simplicity can handle higher osder dimensionality and nonlinearities
(indirectly) as well.

The SCHEME parameter describes the regularization scheme to be usedntty only 3 schemes are
available, those are for 1-D, 2-D and 3-D.

For SCHEME = 1 we have that 1-D dynamical regularization is used, and thg @iacretization
of model takes place is uniguelISCX = NOMCOLS . Assigning all the model data values ¥

2|EEE 754 Standard Floating-Point Arithmetic.



sequentially to a 1-D virtual string array to be regularibgdliocal averages (see next subsection) in the
X-dimension only. The valueBISCY = DISCZ =0 (should be zero).

For SCHEME = 2 we have that 2-D dynamical regularization is used, and thg @iacretization

of the model takes place can vary with possible combinatioh®ISCX and DISCY such that
DISCX DISCY = NOMCOLS . Which are the values in which your 2-D model was discretized
Under thisSCHEME The model data values ia are assigned sequentially to a 2-D virtual mesh array
in order to be regularized by a locedctangular shaped averaging windoamong near neighbors (see
next subsection), this happens in the X-Y plane. The vall&CZ =0 (should be zero).

For SCHEME = 3 we have that 3-D dynamical regularization is used, and thg avscretization of
model takes place can vary by any possible combinationBISCX ,DISCY andDISCZ such that
DISCX DISCY DISCZ = NOMCOLS . Which are the values in which your 3-D model was
discretized. Under thiSCHEME The model data values ix are assigned sequentially to a 3-D virtual
cell array in order to be regularized by a localboid shaped averaging bo@nong near neighbors (see
next subsection), this happens in the X-Y-Z space.

C. TheFILTX , FILTY , FILTZ and regularizing header parameters .

As barely described in the previous sections, the web sesuielies in a regularizing scheme which
locally averages values among near neighbors, then thie valponderated by valuewhich will give a
speci ¢ in uence to the window average lIter. We will go intmore detail in the following subsections:

1) True averages It has long been recognized that computing spatial averafphysical properties

is a powerful tool for addressing the non-uniqueness cherrad inverse problems. In general, the aim
of obtaining the distribution of the property itself remgian elusive target. This is because the space
of models always have a higher dimension than the space af daking for spatial averages instead
of the property itself, is a more realistic goal that leadsutoque recoveries. We use the averaging
approach of Backus and Gilbert [1], for solving the problernthim the approximation. Averages solve
the non-uniqueness problem because they are unique thexssahd because all possible models that t
the data, all have the same computed averages. They canlée ttak averages because they are spatial
averages of any possible solution, including the true ok rea

2) Simulated averages Our inversion method is based in this averaging notion. Amal gpeci cs
of the method could be found elsewhere (see for example RoelriJ.et al. [17]). At the same time it
is customary to say that our method accounts for averagegyirehdimensions in a natural way. The
computed solutions models are everywhere averages of éhegsswithin a given local neighborhood,
regardless of dimensionality.

In order to get insightful view of the inner-workings of thaversion method, lets consider the
following basic 1-Dbinary example in which model values are composed of 0 or 1 only.

Regularization is performed via the Iter acting in a locakighborhood of the modej value.
More speci cally, we have original valugj(t) at certain timet substituted by its local average as in:
FIKTX
() — (I
I= FILTX



Where the Iter has2 FILTX + 1 constant weighfsw, = L

2FILTX +1°
Then a new valuexi(“l) is computed. Say by means of the following updating rulet tinafact
is a dynamical system based in Tank & Hop eld [20], that we tmredemonstration purposes:
8 9
. 1 < NUMOLS FIKTX =
x" = Z+ Zsgn, Aj W|Xg)+|) + constant : (14)
2 2 ' j6i=1 I= FILTX '

The updated values!'*? are obtained from averages of the original valu§$. Although it is not

possible to speak about a smoother solution in the aboventigeaas the new model values are binary,
the effect of having a wider Iter will be to smooth the soloii model. See for example Figures 1 and 2
in which we have applied a variation of the above regulagzneraging scheme in non-binary models.

We can appreciate the effect of using three different ltaedths, acting on some geophysical model.

0.1

0.01
T

(o) (S/m)

—

Window Size

Ui
—=

100 1000 10* 10°

Depth z (m)

Fig. 1. Obtained geophysical model solution, when using &l0es NUMCOLS = 500), and the
described averaging technique withELTX =1 (two neighbors and the value itself).

*The longitudinal window size value remain constant during tlynamics. In the future we will implement more sophistidaschemes
in which FILTX can vary. The theoretical scope of these new schemes is thélpencontext of this paper.
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Fig. 2. Obtained geophysical model solution, when using &l0es NUMCOLS = 500), and the
described averaging technique with B)LTX = 12 (twenty-two neighbors and the value itself). b)
FILTX =23 (forty-six neighbors and the value itself).
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Although our method does not introduces a Tikhonov regzilagi matrix ~, we do account for the
“effectiveness” of the applied local Iter (regularizingimdow), by introducing the parameter. This
parameter enable us to “tweak” or “stress-test” how sing@lA A becomes with the new parameters.
At the same time the parameter accommodates the trade-off between two cangasatures in the
physical sense. We then rewrite our nbimary demonstration dynamical system as:

1 NUMKOLS FIN X
x( = 5+ 5SOn @ A xV+ Aj w Xg)ﬂ) + constant : (15)
j6i=1 I= FILTX
When =1:0we get the full Iltered solution. On the other hand, for= 0:0 we return to the original
un ltered solutiorf.

The above oversimplied version, can be extended into mooenmlex models [20][23][24]. This
is, we can extend representation of the model values torarpitigital values. This is accomplished by
the use of more bits in the model values representation, imoimplitude and precision. That will be
the subject of the following subsection.

D. The AMPLITUDE , PRECISION, ITERATIONS header parameters.

As shown in the previous section. In order to nd &rsolution. The initial model (witiNUMCOLS
unknowns) values i arelinearly transformed into con guration states in a dynamical system. But
those new values will be limited both in amplitude and priecisThe new unknown model values will
be limited by2AMPLITUDE  gng 2 PRECISION  in amplitude and precision respectively. This way, if we
haveAMPLITUDE =9 andPRECISION =9 the new domain will be a x = 0:00195discretized
domain @ °) restricted tof 51200195 : +51200195]

The ITERATIONS  parameter is used to limit the number epochsin which our dynamical
system updates all the unknown states. Note, that in eactidte a solution is obtained. And every time
you perform an iteration the web service returns a model anang error for that particular iteration, to
the remote runningersa-client program (sedttp://www.versamedium.com/geoinverse/start.html).

E. TheCODE header parameter.

The CODE parameter is used by our web servers to keep track of thei@muaind to limit the
Internet bandwidth. We have released 2 codes for demoiastratirposes:

The codel1234567890 has been released to tackle problems in 1-D. And has impksttictions.
Currently: SCHEME = 1, NUMCOLS = 200, AMPLITUDE = 9 PRECISION = 9 and
ITERATIONS = 5. This code is shown to solve complex 1-D nonlinear probfeiisee section
Example 1 : The Vertical Electric Sounding (nonlinear) peoi).

The codel1231231231 has been released to tackle problems in 2-D. And has impksttictions.
Currently: SCHEME = 2, NUMCOLS = 2520, AMPLITUDE =9 ,PRECISION =9 and
ITERATIONS =5. This code is shown to solve complex 2-D Linear probleiisee section Example
2. : The Magnetotelluric Electromagnetic Sounding Linegotjtem).

4At the same time we can extend the dynamical averaging négation to 2-D or 3-D.
Salso seenttp://www.versamedium.com/geoinverse/versa-ves.him
balso seenttp://www.versamedium.com/geoinverse/versa-mt.html
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[1l. EXAMPLE 1 SMULATED AVERAGES IN 1-D: THE VERTICAL ELECTRIC SOUNDING (NONLINEAR)
PROBLEM.

Vertical electric soundings constitutes a valuable tooldetermining the electric properties of the
subsoil. Electric currents are injected in the subsoil dlgio punctual electrodes and then, voltage is
measured usually in the center of the electrode array as rshiowrigure 3 (Schlumberger electrode
con guration).

Surface resistivity measurements using direct current)(D&e been used traditionally to investigate
changes of formation resistivity with depth, from typicapdhs of a few meters to several kilometers
[10]. The interpretation or inverse problem consists obwering a one-dimensional (1D) depth resistivity
distribution from surface voltage measurements taken fégrdnt current electrode separations. Several
methods have been developed in which the resistivity Oigtion is handled as a continuous or practically
continuous function, so that the resulting variations m#tcally de ne zones of high and low resistivity
that follow the vertical resistivity pro le of a sedimentabasin. In this case the layer boundaries are
guessed on the basis of the smooth, continuous pro le.

h
Y
-

MN/2
—AB/?2 =

Fig. 3. Electric current is injected into the subsoil thrbuge | current electrodes and then
differences in electric potentidl are measured through electrodes in the center of the array
(Schlumberger electrode con guration).
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Once the measurements have been obtained for differenesvatdi current electrodes separation
(AB=2), we then calculate what is called apparent resistivitycurve, see Figure 4.

Respaonses: best non—linear & Field Data.

Versamedium's response nms = 4.33 %
000 Synthetic data

Logm(yooj (Q_mj'
o

L1 L Lo aa ol n TIPS | L PO T
100 1000 10*

) NSRS | v 0o aaal MR |

0.01 01 1 10

AB/2 (meters),

Fig. 4. Apparent resistive curve generated by the measu¥eltdgeV and known injected
current!l (depicted by circles). This gure also shows a calculateddeis response (dashed
line).

For a detailed explanation of the theory behind the lin@dion technique see Appendix D (The
nonlinear problem for Vertical Electrical Soundings (VESWe now turn to a demonstration
program in which the Versamedium Web Services solves thisS VEverse problem, see
http://lwww.versamedium.com/geoinverse/versa-ves.him

The Internet enabled demonstration prograsrsa-ves step-linearize the problem. This way we
pursue the nonlinear solution through linear approxinmeioFor every “approaching step”, a linear
system (equation 1) is generated and sent to our web serigerhe/versa-client program. In return
the client user receives a set of partial solutions whichukhdvave decreasingnear rms error with
each linear iteration. Although this does not implies these solutions are the ones with the minimum
nonlinear rms error Therefore anothenonlinear rmserror calculation is performed with a nonlinear
functional (direct computation) in the side of the remoteruglient). By calculating these responses
from the returned linear partial model solutiongiisamedium.partial _sol#.dat), the model with the
minimum nonlinear erroris then stored and used to recalculate a derivative matee (Spendix D),
which is then sent via theersa-clientprogram (again) to the web services. This is, the proceszites
above is recursively repeated a no-linear number of imnaimes. Each nonlinear iteration is composed
of a number of lineal TERATIONS
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After running the progranversa-ves with the Schlumberger array data, a matrix system (equdit)as
generated and stored in say for example tdst-matrix.dat le .

We now show an extract of the output log, when running tlesa-ves program, which should
be self explanatory:

Type the name of VES data file: (default = demo.dat):
Data file Name is demofile: demo.dat
AB/2 (meters) Apparent Resistivity (Ohm-meters)

1.000000e-01

1.500000e-01

2.000000e-01

3.000000e-01

4.500000e-01

7.000000e-01

1.000000e+00
1.500000e+00
2.000000e+00
3.000000e+00
4.500000e+00
7.000000e+00
1.000000e+01
1.500000e+01
2.000000e+01
3.000000e+01
4.500000e+01
7.000000e+01
1.000000e+02
1.500000e+02
2.000000e+02
3.000000e+02
4.500000e+02
7.000000e+02
1.000000e+03
1.500000e+03
2.600000e+03
3.800000e+03

How many layers do you want in model (minimum 100)? : (default

3.153649e+02
3.133988e+02
3.097840e+02
2.967249e+02
2.635422e+02
1.918084e+02
1.189949e+02
5.991498e+01
4.506209e+01
4.910503e+01
6.419183e+01
8.381851e+01
9.786901e+01
1.045534e+02
9.839312e+01
7.279412e+01
4.046773e+01
2.102559e+01
1.953480e+01
2.327704e+01
2.609296e+01
2.853105e+01
2.792675e+01
2.405656e+01
2.044544e+01
1.774854e+01
1.638006e+01
1.608359e+01

Your number of layers are: 100

1-D regularization window size?: (default = 2):

1-D regularization window: 2

Regularization beta parameter? ( 0.0 <= beta <= 1.0 ) ?: (defa ult = 1.000000):
Your beta parameter is: 1.000000

Solutions will have maximum=800.000000

Solutions will have minimum=0.100000

Type the number of nonlinear iterations? : (default = 5):

Number of nonlinear iterations: 5

Type the number of linear iterations? : (default = 10):

Number of linear iterations: 10

Wold you like to recycle a previous solution (1 = Yes)? : (defa ult = 0 No):
Recycle: 0

Graphics device/type (? to see list, default /NULL): /PS

We describe here one of “thoséhear approximation steps. The le that has been generated ieslud
a matrix system that has 28 rows and 100 columns. So therebwill6 header parameters followed
by 2928 oating point values. As explained in the previoustsm, the immediate 2800 oating points

"both the versa-ves source code and the test-matrix.datrdeiraluded inhttp://www.versamedium.com/geoinverse/distrosersa-ves-
0.1.targz
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following the 16 header parameters, correspond to the xnatored in row order (rst row vector
followed by the second row vector, and so on), following there 28 data points followed by 100 initial
model values. At the end we will have a le which has 2944 roW& now show the header parameters
generated by thgersa-vesprogram:

file: test-matrix.dat

28 # NOMROWS: Matrix number of rows or data points.

100 # NOMCOLS: Matrix number of columns or number of model val ues.
0.1 # MODELMIN: Minimum allowed value for the x model values.

800.0 # MODELMAX: Maximum allowed value for the x model value S.

1 # SCHEME: 1-D.

100 # DISCX: Discretization in dimension-X.

0 # DISCY:

0 # DISCZ:

2 # FILTX: Nearest neighboors to consider in average dimensi on-X.
0 # FILTY: Nearest neighboors to consider in average dimensi on-Y.
0 # FILTZ:

1.0 # BETA: Regularization weighting parameter.

9 # AMPLITUDE:

9 # PRECISION:

5 # ITERATIONS:

1234567890 # CODE :
6.095135e-02 Matrix value
1.559382e-02 Matrix value
1.924179e-02 Matrix value
2.355296e-02 Matrix value
2.854579e-02 Matrix value
3.418030e-02 Matrix value
# Matrix value
# Matrix value
# Matrix value

HHHHHH

Once the linear system le has been generatedydrsa-vesprogram invokes theersa-clientprogram
(in the “background”) in order to send the test-matrix.@adtir servers and to receive the desired solutions
as well. The process can be described by the following condman

Jversa-client www.versamedium.com 8888 0 test-matrix.d at

Wherewww.versamedium.comis the Internet address3888is the port, thed value stands for a new
solution calculation (not recycled) and thest-matrix.dat is the name of the le with the matrix system
data.

The versa-vesprogram hinders the above instruction from the user, bt phocess is performed in a
automatized recursive way, through all the linear appratiom-steps described above in order to obtain
the nonlinear solution. Then after some computations thie services deliver a model solution to the
remote user via theersa-clientprogram. The resulting solution model when inverting theagaesented
in Figure 4 is shown graphically in Figure 5.
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Model Graph.

<+ ——— — ——
___________ Occam's reference solution.

__ Mersgmedium's inversion solution

_______ Original Synthetic Model.

LOg]g(p(Z)) (Q_m}-

0.01 0.1 1 10 100 1000

Depth z (meters).

Fig. 5. This gure shows a model solution obtained by the Weredium web services together
with the synthetic model that was used to generate the datdspim Figure 4. A reference
Occam's solution model [4] is also presented for comparisorposes.

Then by diminish the window sizes and keeping= 1:0 we re-calculate a new set of fonlinear
iterations. This time we only send the header values. We weage the reader to test by himself (see
http://www.versamedium.com/geoinverse/versa-ves.htn).

IV. EXAMPLE 2. SMULATED AVERAGES IN 2-D: THE MAGNETOTELLURIC ELECTROMAGNETIC
SOUNDING LINEAR PROBLEM.

The Versamedium Web Service can also solve problems in 2 oam@ns$ions. Consider a real case,
in which a complex nonlinear problem in 2-D has been lineatiand represented in a matrix system
similar to equation (1).

In the magnetotelluric method, surface measurements afadadime-varying electric and magnetic elds
are readily converted to four complex impedance values p@&ngangular frequency . In turn, these
values are usually normalized to obtain apparent redistsvior, equivalently, apparent conductivities,
by referring the actual impedances to those of a homogenkaliispace [3]. Here we use apparent
conductivity , as derived form the magnitude of a complex impeda#gewhich for the moment
represents any of the four elements of the impedance tehberformula for apparent conductivity is
simply given as:

NCADERENVACADI IS (16)
where ( stands for the magnetic permeability of free-space, andpresents horizontal distance in a
x-z coordinate system whoseaxis represents depth,(x;! ) represents the data at a given distance in a

2-D model with a at topography and for a given angular fregeye! . The data are usually presented as
individual sounding curves as function of peridd= 2,— for different distances, or in a pseudo-section
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format contouring values of, as plotted ovex T coordinates. ,(X;! ) represents what is available;
what is required is (X;z) , the subsurface conductivity distribution.

The underlyingnonlinear problem has been linearized just one “approximation” step!, therefore
there will be no need to recursively recalculate a derieativatrix as in the previous example. The
details of the method can be found in RodrigueetJal. [17][18].

We perform a 2-D regularization averaging scheme, by usegangular Iter windowsFILTX
FILTY and . The data corresponds to the well known COPROD2 data setA®j. our proposed
solution has a discretization in space as a mesh array caupafs36 horizontal rows by 70 vertical
columns or 2520 model cells. The data is composed of the appaonductivity measured in several
stations for every magnetotelluric period$. As not all the periods per station where considered. The
data set was composed of 730 data points (See chapter V, tvefumportant considerations on the
discretization scheme).

Once the problem has been linearized a le with the matrixtaysis generated. The 16 header
parameters used in this 2-D example are the following:

versamedium_coprod_2D-P.dat

730 # NOMROWS: Matrix number of rows or data points.

2520 # NOMCOLS: Matrix number of columns or number of model va lues.
0.0001 # MODELMIN: Minimum allowed value for the x model valu es.

0.90 # MODELMAX: Maximum allowed value for the x model values

2 # SCHEME: 2-D.

70 # DISCX: Discretization in dimension-X.

36 # DISCY: Discretization in dimension-Y.

0 # DISCz:

2 # FILTX: Nearest neighboors to consider in average dimensi on-X.
2 # FILTY: Nearest neighboors to consider in average dimensi on-Y.
0 # FILTZ:

0.5 # BETA: Regularization weighting parameter.

9 # AMPLITUDE:

9 # PRECISION:

5 # ITERATIONS:

1231231231 # CODE :

We will apply the web service algorithm tiovert the eld data. More instructions to replicate these
results can be found ihttp://www.versamedium.com/geoinverse/versa-mt.html

Figures 6(a) to 6(e) show the results of inverting the datacrBasing values of from 1:0
shows to improve thems mist and the resolution improve for smaller window size. \Wen see that
when using the smallest window, allows to identify the twoianomalies found in other works. The
strongest conductive anomaly in Figure 6(d) correspondtddNorth American Central Plains (NACP)
conductivity anomaly, which has been well discussed in iteeature [9]. The smaller lobular anomalies
towards the right end of the prole corresponds in turn to #m®wn Thomson Nickel Belt (TOBE)
anomaly.

8Aactually it is more complicated than this, please refer t@][for details.



Fig. 6. Results obtained by applying the Versamedium webiceito a 2-D real data set COPROD?2 (Jones,
1993a) window size and values where varied. a) F&ILTX =1, FILTY =1 (window size 3x3) and =1:0.
b) For FILTX =1, FILTY =1 (window size 3x3) and =0:8. ¢) ForFILTX =1, FILTY =1 (window size 3x3) and
=0:5. d) ForFILTX =2, FILTY =2 (window size 5x5) and = 0:5. e) ForFILTX =3, FILTY =3 (window size
7x7) and =0:5.
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Note the number of values to be found in mogehre36 70 = 2520 Which is the number of rows
in the matrix. This is, for this examplBISCX DISCY = NOMROWS

We also have thaEILTX andFILTY along with are now required.

A good strategy is to start with “big” values for the reguidmg window sizes, sayILTX = 4,
FILTY =4 and = 1:0then send the le to our servers and calculate a set of 5 INEBRATIONS
by means of:

Jversa-client www.versamedium.com 8888 0 versamedium_c oprod_2D-P.dat

then by diminish the window sizes and keeping 1:0 we re-calculate a new set of 5 iterations. This
time we only send the header values. To do this we set the Vahefore the matrix system le name
and use the number of the last best linear solution in ordéretoycl€ the initial condition (in this case
versamediunsol 627.dat).

Jversa-client www.versamedium.com 8888 1 versamedium_c oprod_2D-P.dat 627

Repeat the above process as needed in order to obtain adatigfresult with minimum rms error.
The graphics in Figures 6(a) to 6(e), were obtained in a oo roughly 25 linear iterations, in sets
of 5 linear iterations as outlined above, WAMPLITUDE  andPRECISION xed to 9 bits. Every
graph was obtained in a lapse of 30 seconds for a set IIERATIONS . In other words, all the
graphics in Figures 6(a) to 6(e) where obtained in less thamrites. Once the 24.9 Megabytes of the
le containing the headers, matrix, data and initial mode&re already in our servers.

V. IMPORTANT CONSIDERATIONS

The matrix in the linear system (equation 1) that relatesh @mainsapparent conductivityand
subsoilreal conductivityin the MT (same consideration for VES) exampldses not amplies, it is
veri able by noting that the addition of any row elements imtnix A equates 1. Of course any problem
could previously be arranged in order to meet this “resomct

As you might have noted, Versamedium web services do regathrby taking in account nearest
neighbors in a discretized modie¢. by usingDISCX andDISCY , but the web services do not know
anything about the real model nor it has any idea of the phy&ernel underlying in the linear system.
This is, for the web service, everything occurs without aoypssderation on the units involved.

In the side of the remote client user although, the model isiadly discretized with real physical
variables. For example, in order to generate a physical mgam kernel from section IV above
(Example 2). The model was discretized with the followindues for dimension-X (surface) and
dimension-Y (depth) in meters.

X = f 16830;16930;84460; 118230; 176360; 200730; 262230; 299360; 369160;
401830; 465660; 496830; 563700; 599400; 677100; 719100; 787360; 813630;
887230; 934560; 996430; 1010960; 1043160; 1060830; 1092660; 1106830;
1151660; 1182330; 1246000; 1279000; 1348030; 1384060; 1450230; 1480360;
1548300; 1586100; 1652760; 1681630; 1752160; 1793830; 1894700; 1953900,;
2077830; 2142560; 2247130; 2286960; 2359460; 2392130, 2475600; 2526400;
2629330; 2681460; 2803900; 2874200, 3003500; 3062560; 3187660; 3253730;

®0Our web services are mean to be generic friendly with othergepphysical applications of course.
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3366530; 3413260; 3500630; 3541260, 3623730; 3665560; 3775900; 3844400,
3972330; 4031760; 4150630; 42500009

Y = f0:0; 1500; 300.0; 4500; 6000; 750.0; 90C.0; 10500; 140Q0; 180Q0; 220Q0;
260Q0; 30000; 340Q0; 44444, 88888; 133333, 177778; 222222, 266667; 311111,
335556; 365556; 380000; 400000; 416666; 433333; 450000; 466666; 483333;
500000; 516666; 533333; 550000; 566666; 5833339

Therefore when we apply th8 3 regularizing window,we are really not applying a square
symmetrical Iter ( i.e. 4 equal sidgs Hence, the real meaning of the window size depicted to tjat ri
of the models in Figure 6, do really mean how many nearestbeig have been considered in averaging.

With regard to the averaging window lter itself does not dngs either. As shown in Figure 7.
Even when at the border of the model, only the nearest nerghdoe taken into account, therefore only
4 values are averaged, even if the Iter is composed of 9 \mlue

Fig. 7. This gure shows a 2-D regularizing window acting onnmedel, for FILTX =1,
FILTY =1 (window size 3x3).

The periods used to compute impedance tensor where:

T=10:133F +01;0:177& +01;0:2667 + 01;0:3556E + 01;0:533F +01;
0:7111E +01;0:1067E +02;0:1422F +02;0:213F +02;0:2844& +02;
0:4267E + 02;0:568% +02;0:853F +02;0:113% +03;0:1707FE +03;
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0:2276 +03;0:341F +03;0:4551E +03;0:6827 + 03;0:910ZFE + 03;
0:136% +04,;0:182( +04;9g

We did used almost all the above described periods from estatjon.

As a marginal comment, there exists other ways to reguldineenodel values during the dynamics (not
implemented by the web services) as speci ed by Yuancholl |24s possible to use aléw pass lter’
based inbinomial coef cients introduced in the dynamics, as in:

1 1 1 NUM&OLS . NUM&OLS FIKTX .
xi( ) = > + ésgn Tj woxj() + Tj wkxEj) w T constant ; @n
i6i=1 i6i=1 k60= FILTX

wherg fw, g%, are the weights of a symmetric (and hence zero phase) low [t@sswith
gain PP o wi unity. This is, the coef cients wont have amplifying effeict the Itered values if

Wy < 1 and thewy are de ned by

2FILTX o 2FILTX

W= ks FILTX (18)

We end up this considerations section by stating that a go@degy to achieve desired minimal
solutions, is to start with a = 1:0 value and a large values for the regularizing window sizay, s
FILTX =4 andFILTY = 4 for discretizations like those in example 2. Although a ¢éargalue for
FILTX and FILTY do really depend on how many discretization cells in modetnelgenerated. Then
we proceed by diminish the window sizes, an nally the betluga

VI. CONCLUSIONS

The Versamedium Web Services have shown to provide acdepgalbd solutions to complex (linear
or nonlinear) problems. As shown by the two examples in sestill and IV.

In order to solve the inverse problem, our method relies ihean the concept of local spatial
averages. Besides being a powerful tool for approachingitimeuniqueness problem, it is a natural and
intuitive way to provide the extra information needed in erdonstrained problems. Choosing windows
at will is an appealing didactic feature for viewing a mod®ttis not readily available to us because we
never have perfect and complete data.

We showed that the 1-D and 2-D geoelectric inverse problerassalved using a robust variation
of Tikhonov's regularization and the dynamical system inchhthe web service is based. In the case of
eld data, our model showed good agreement with previousrpretations.

In the future we hope that Versamedium's web service willlsand evolve in concert with new
linearization methods and with the ever evolving compatal processing power. Provided that faster
oating point processing units are available. We have alBoose the Internet as the perfect ef cient
way to deliver optimal and cost ef cient solutions to remaleployed geophysicists.
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APPENDIX A : LEAST SQUARES.

A known solution of the proposed problem can be found by tkire derivative of the cost function
C with respect to the model and then equating to zero.

C-= %(a A x)'@ A x); (19)
rewriting in vectorial form, 1
C= é(dT x' A7) @ A x); (20)
expanding terms,
C:%(‘dT d df A x %' AT d+x' AT K %) (21)

taking the derivative with respect to the mockel
%W L dT A+xT AT K)=0; (22)



22

therefore,

x' AT R)=d" A; (23)
taking the transpose in both sides:
x" AT K)' =(d" A)T; (24)
hence,
(KT RK) %=AT d; (25)
then we nally nd that the minimum value ofC, happens for:
x=(AT A)' AT o (26)

The solution will exist for the case in which the number ofaabints, is equal or greater than the
number of unknowns. Moreover it is also necessary(fof A) not to be singular, which will guaranty
that (AT A) ' exists.

APPENDIX B : A PHYSICS EXAMPLE

Consider the problem from physics in Figure 8. In which weldug calculate the electric eldE; at
point P, due to the electrostatic charQe.

Fig. 8. Direct problem in which we calculate the electricdeE; at pointP due to an
electrostatic charg®;.

The solution to this problem exists, and it is expressed asrdinear functional relationship between
both the electric eld and the electrostatic charge domagxpressed as:

(27)
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So far, there is nothing unusual in the above academic probléntil we re-state the problem to
that in which we know just one electric elErota.  as in Figure 9, and we want to know the
distribution of 2 electrostatic charges that could give fie suchEtora. = E; + E, total electric eld

at point P. For such a problem there are in nite possible thohs for electrostatic charges that could
change in value and in position.

Fig. 9. Inverse problem in which we know the electric elfkora. = E; + E, at point
P and we want to solve for the two electrostatic char@gasand Q, that gives rise to such
electric eld.

But why stop there, when we can consider a spatial distobutif 100 Coulombian electrostatic
charges spreaded in space. It is rather easfotward computethe resulting electric eld in say 10
spatial positions. But, what if instead, we have the 10 spalectric elds (initially) and we are trying
to nd the distribution of 100 electrostatic charges thatulebgive rise to such electric eldsdnjverse
problen).

Alternatively consider acontinuousdistribution of charges such as those in Figure 10. For which
we ought to nd the segments charge densitiggand , when just one electric elE; measurement is
known.
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Fig. 10. Inverse problem in which we know the electric di} and we want to solve for
the two electrostatic charge densitiesand , that gives rise to such electric eld.

Furthermore lets consider @ntinuousdistribution of charges such as those in Figure 11. For which
we ought to nd the linear electrostatic charge densities:: ; and we only know just a few electric
eld measurements. This is a problem that is well suitabl®d¢olinearized and then, to be re-stated as a
linear system such as the one represented by equation (1).
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Fig. 11. Inverse problem in which we know the electric di, E, and we want to solve
for the seven electrostatic charge densities:: ; that gives rise to such electric eld.

Of course there are an endless number of smekrse possible solutions. And once the nonlinear
functional relationship has been linearized, and repteseby a linear systethas in equation (1). Then
we can use the web services to obtain a solution.

The general idea is there. In this case we have nonlineatifunat relationships between domains (i.e.
electrostatic distribution and electric eld) which coube in 1,2,3,.. or N dimensions, and the possibility
of endless con gurations of the physical properties andlisgribution. Those solutions are provided by
what is properly namethverse Theory15].

1ONote: Versamedium Web Services, does not linearize anytiimal. Furthermore, it does not make any assumption on #niable
guantities involved. The user is solely responsible fordiseretization, linearization and representation of thebfem in a suitable linear
system, as described by equation (1).
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For problems in the geophysical sciences we have our namlinglationship, which is a mapping
functional between the subsoil properties such as resistivand the apparent resistivity measurements
at the earths surface or dala Then we can make an n-dimensional linear approximatiosimerof the
nonlinear functional (nonlinear inverse problems areroftecast as local linear approximations).

In the two examples included in this work we will considertttze modelx(z) and the theoretical data
d are related through a functional relationstiip= F(x(z)) where F could be related to a Fredholm
integral of the rst kind:

Z
dx) = A(X;2)x(2)dz; (28)

where is some real interval and\(x;z) is a kernel derivable from theory. The corresponding
discrete formulation can be stated as:

X
dﬁ(: AiXi: k=1:23;:::; M: (29)

i=1

Typical geophysical linear inverse problems can be statedama Least Square Problem (LSP)
objective function minimization problem, the objectivenfdion measures the mist between the data
and the corresponding modeling result. A cost funct®rfobjective function) may be de ned in terms

of the sum of squares of the differences between the meaantthe theoretical datage.:

X 1M X 2
C= - (dk d\k)z = = dk - AkiXi ; (30)

where d¢ represents the measured data. The solution of the linearsion problem may then be
de ned as the setx; @) which minimizesC.

APPENDIX C: REGULARIZED LEAST SQUARES.

As stated in equation (1)}X may be ill-conditioned or singular yielding a non-uniqudusion. In
order to give preference to a particular solution with ddde properties. A regularization term is
included in this minimization, rewriting in vectorial form

C=3@ A %' @ A+~ n (%), (31)

C=3@ " AT) @ A 0+(xT ") %) (32)

c=%(dT d d' A x x' AT d+x' AT A x)+(x T T x%); (33)
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taking the derivative with respect to the moekehnd equating to zero:

%C:o o(d" A+x" AT K+x" -7 7)=o0; (34)

then we nd that the minimum value o, happens for:

x' (KT R+7T 7)=(d" A); (35)

taking the transpose in both sides:

X' (AT A+~T ) =(d" A)T; (36)
therefore,
(AT A+~ ) x=AKT @; (37)
hence,
(AT K+~7 7)) x=AK"T @; (38)
nally we obtain the solution:
x=(AT A+~T ) ' AT @ (39)

APPENDIX D : THE VERTICAL ELECTRIC SOUNDINGS (VES) INVERSE PROBLEM

In general inverse problems in geophysics are nonlinealatiRely simple cases such as vertical
electric soundings (VES) in 1-D, require special treatmi@nbrder to fully handle the nonlinearities
[12][2][22][16]. In this chapter we describe the way in whigve tackle the nonlinearities problem. It
should be noted that methods based in linearization can pkedpto solve the problem locally and
iteratively. This way we solve gradually the nonlinear matof the problem [13][19].

A. Linearizing the problem for Vertical Electrical Soundgs(VES).

In this problem, the objective is to use the vertical elecsoundings “curve” to infer the resistivity
properties of the subsoil. It is known that such resistidistribution constitutes a problem that lacks of
a unique solution. This way the existing methods not onlyusthd the data well but also should impose
some continuity condition in the resistivity of the subsddldenburg [12], used spectral expansion
and considered the subsoil resistivity as a continuoustiom®f depth. Constablet al. [4], used the
derivative of the resistivity, considering that the subgwbperties could be approximated by using a
great number of thin layers.

The electric eld determination in a variable resistivityedia can be made through the Maxwell
equations applied to the case in wich the electric and magredtls does not depend on time. When
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we consider a media which resistivity varies only with depthe problem oversimply es as there
exists vertical axis symmetry. Also the electric eld has ertical and radial component, therefore the
determination of it in any point of the subsoil is relativedynple.

Fig. 12. Coordinate system used in determining the elegtriential. The source is an punctual electrode
that coincides with the origin of the coordinate system,aleetric resistivity forz > 0 is in nite and for
z 0O varies only with the depth, but can be any function of depth.

It is consider that the current source is an punctual eldetdocalized inz = 0. Using cylindrical
coordinates whose origin coincides with the location of éhectrode (see Figure 12), the equation to
solve out of the source is:

r V(r;z)

5 =0 z>0;, r>0 (40)
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whereV (r;z) is the electric potential and(z) is the subsoil resistivity. The source will be included
later, by means of the determination of the associated aotssto the solution of the differential equation
(40) (see Rodriguez [18] for an extended description on fifierdntial equations.):

Z
Vrz)= ARG (1 )d; (41)

whereA( ) is a function to be determined and the functiofz; ) satis es:

hRz; ) %h"(z; )  2h(z; )=0: (42)
The components of the electric eld are:
_ ev, _ _ @V
EI’ - @ ’ EZ - @Z' (43)
therefore a border condition of the differential equatiot®)(is h® ! 0 if z ! 1 . From the

equation (41) it can be seen thé(r; z) is the Hankel transform of order zero 8£2"% ) The border
condition in the interface ground air is:

@ \r;z)

Jn = (0) @z

=1 (x) (y) inz=0; (44)

using the relationship betwean(r; z) and 20"z ) the equation (44) is transformed in:

A I
@20h0; )= - (45)
isolating A( ) from this equation and by substitute it in equation (41), wel that:
viy= O “roh@ ), (r)d: (46)
T 2 o hqo; )° ’
by the superposition principle, the potential in the cemtiethe punctual electrodes will be
zZ, :
virop= O DO ) g, 47)
0

hqoO; )
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now r is the distance to the center of either of the electric pualclectrodes. The apparent
resistivity for the Schlumberger array will be given by

a(r)=r 2?; (48)

using the equation (43) and the expression for the electotengial given in equation (47), the
apparent resistivity is

‘1 » h(0; )

a(r) = O)r? o WJl( r)d; (49)

this equation gives the apparent resistivity for the Sclierger array, considering to the resistivity of the
subsoil a continuous function of depth. Nonetheless, carbaaised for the case in which the layers are
homogeneous, because the derivative (@ it is not de ned in the interface of two layers with different
resistivities. In this case it is desirable [14] to solve th#ferential equation (42) in every homogeneous
layer and apply the border conditions in each interfaeecontinuity of the potential and of the vertical
component of the current density. The apparent resistieitythe Schlumberger array is nally de ned

by

z
a(r)=r? 01 Ti( )Jdo(r)d; (50)

T1( ) is named the resistivity transform [10], and it can be calted with the following recursive
formula

Tiv1 + tanh(t i) .

= 1+ Ti+1tanh(t i)= i’ (51)

ti is the thick of thei th layer. For a media withiN layers, the resistivity transform in the last
layer isTy = n. This wayTy( ) can be calculated with equation (51). The Hankel transfofrarder
one in the equation for the apparent resistivity can be tated numerically by means of digital Iters
(see Ghosh [5]). We choose to use the lters of Johansen @}abse these lters are relatively large
than the former and therefore have a better global precidiagure 13 shows the proposed layered
model, in which the relationship between the apparenttreitysin the surface , and the real resistivity
of a layered model in the subsoil, is established by means of local linearization in everyetayy
using the continuity conditions of the potential in the nfaees in every layer.
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Fig. 13. Layered model that relates both domains apparestirety , in the surface and the real
resistivity , in the subsoil.

We specically start calculatingly = , in the layer that limits with the last in nite semi-space
at the bottom, and the equation (51) is recursively evathabe nally obtain Ty( ). It is common to
evaluate the equation using the method of the lIter [5], dfere rewriting the equation (50) we obtain:

k)an

a= Ta( )k (52)
k= Kmin

where fy are the coefcients of the Johansen Iter [8] consisting ofi1ipoints, the derivatives
@,=@; can be obtained differentiating the equation (52) to obtain
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@a_x @I( k)
@ , @

f K- (53)

Seamingly, in order to evalua%}, we write

@I ) _ @T@T@T @T.@F.

= —: 54
@; @T@T@T @T @] 4)
By taking derivatives in equation (51) to obtain expressitor @@TTl and g—jT:
- 1 tanhz(ti k)
o1 _ ; (55)
@1 G
and
1+ T35, = 2+ 2T tanh?(ty )=
@Tr i+1 i i+1 ik i
—— = tanh(t; ; 56
o (ti ) 5 (56)
where )
G= 1+ tanhz(ti T = (57)
The recursive process can be started then, noting that
@Y
— =1 58
@ (58)

Once the derivatives are calculated it is possible to remteshe problem by means of a linear
relationship [6] expressed in the following form:

=K (59)

In which the matrixA of derivatives is calculated recursivelly as it evolves aotg the minimum of the
cost function de ned by the objective function, note thatiso depends as well on the obtained model
during each iteration, nonetheless this approach enabte usd a solution to the nonlinear problem,
by means of local linearization expressed in equation (69)ce the problem has been posed, it can be
solved using the regularized least squares Versamediugthad, which is explained with greater detail
in section Ill, Example 1 Simulated averages in 1-D: The igattElectric Sounding (nonlinear) problem.



